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Abstract. We associate two linear categories with two objects to a 
module over the subalgebra of coinvariants of a Hopf-Galois extension, 
and prove that they are isomorphic. The structure Theorem for cleft 
extensions, and the Militaru-§tefan lifting Theorem can be obtained 
using these isomorphisms. 



Introduction 

Our starting points are the following two classical results on Hopf algebras. 
The first one is the structure theorem of cleft if-comodule algebras [?, ?, DT] 
stating that a cleft i?-comodule algebra is isomorphic to a crossed product, 
and, conversely, every crossed product is cleft. A comprehensive treatment 
can be found in P Ch. 7]. 

The second result is the Militaru-§tefan lifting Theorem. Let A be a faith- 
fully flat Hopf-Galois extension over its ring of coinvariants B, and M a 
S-module. Generalizing results due to Dade |4| on strongly graded rings, 
Militaru and §tefan show that the S-action on M can be extended to an 
^-action if and only if there exists an i?-colinear algebra map between H 
and the A-endomorphism ring of M (8)5 A. 

Let us now explain the philosophy behind this note. A A;-algebra can be 
viewed as a /c-linear category with one object. Isomorphisms between k- 
algebras can be obtained from equivalences between fe-linear categories. Ex- 
amples of such equivalences come from faithfully flat Hopf algebra exten- 
sions: then we have a pair of inverse equivalences between modules over the 
ring of coinvariants and relative Hopf modules. 

Now we consider "double" fe-algebras, namely fc- linear categories with two 
objects. For a right i?-comodule algebra A, we introduce such a double 
algebra Ca- One of its endomorphism algebras consists of A;- linear maps 
from H to the coinvariants, and on its homomorphism modules consists of 
iJ-colinear maps H ^ A. This construction is given in Section [2j 
Given a module M over the coinvariants B, we introduce another double 
algebra Vm, as the full subcategory of the category of S-modules and H- 
comodules, with objects M®H and M®bA. Our main result. Theorem 13. II 
states that the categories Ca and Vm are isomorphic if A is a faithfully flat 
//-Galois extension of B. In Section [SJ we discuss how this category equiva- 
lence (or at least some variation of it) can be applied the structure Theorem 



2000 Mathematics Subject Classification. 16W30, 16D90. 

Key words and phrases. Hopf-Galois extension, Morita equivalence, Picard group, cleft 
extension, Sweedler cohomology. 

1 



2 



S. CAENEPEEL 



for cleft algebras, and in Section [6l we see how the Militaru-§tefan lifting 
result can be obtained. 

1. Hopf-Galois extensions 

Hopf-Galois theory was introduced in [3j, and later generalized in [71 [lOl 
111] . We recall the definitions and the most important results. Let H he a 
Hopf algebra over a commutative ring k, and assume that the antipode S 
is bijective. We use the Sweedler notation for the comultiplication: A(/i) = 
^(1) 'X'/i(2), for h H. If M is a right /f-comodule, then we use the following 
notation for the coaction p: p(m) = mjo] (8 m^ij , for m G M. In a similar 
way, we write A(n) = (8) for the left ff-coaction on an element n in 
a left ff-comodule N. 

Let A be a right //-comodule algebra, this is an algebra in the monoidal 
category of right -fT-comodules. A relative right {A, ff)-comodule is a right 
^d-module that has also the structure of a right -fT-comodule such that the 
compatibility relation 

p{ma) = m[o]a[o] (g)m[i]a[i] 

holds for ah m e M and a e A. = {m G M | p{m) = m (g) 1} is 

the submodule of coinvariants, and is a right i?-module, where B = 
is the subring of coinvariants of A. is the category of relative Hopf 

modules, and right ^-linear //-colinear maps. We have a pair of adjoint 
functors {F,G) between the categories Mb and M^. F = — ®b A is the 
induction functor, and G = (— is the coinvariants functor. The unit r] 
and counit e of the adjunction are the following (M & A4b and N G -M.^): 

mi ■■ M ^{M ®B Ay°^, r]M{m) = m 0b 1; 
£n : M""^ ® A^ M, e{m ®b a) = ma. 
The canonical map can associated to A is defined by 

can : A iSib A ^ A i^i H, can(a ®b o!) = aajg] aj^^j . 

If can is an isomorphism, then A is called a Hopf-Galois extension or H- 
Galois extension of B. 

We can also consider left-right {A, /7)-modules: these are A:-modules with a 
left 74-action and a right ff-coaction such that p(am) = a^Q^m^QjCSximm^i], for 
all a G ^ and m € M. We have a pair of adjoint functors {F' = A(^b — ,G' = 
(|_)co_ff bgt-ween b-M. and a-M-^ , the category of left-right (yl, i^)-modules. 
The unit and counit are this time given by 

r]'M: M ^ {A0B Mf"^, t?^,^^) = 1 0^ m; 
e'j^ : A(^B N""^ ^ N, e'^{a (^b n) = an. 

The canonical map can' : A®bA^A®H\s defined by the formula 

can'(a ®b cl ) = ^[oja' a^iy 

It is well-known that can is an isomorphism if and only if can' is an isomor- 
phism: this follows from the fact that can' = <I>ocan, with <I> : A®H — )• A^H 
given by $(a (8) /i) = a[o] <8> a[^S{h) and <I>~-^(a ® h) = ap] fg) a[^S{h) 
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Theorem 1.1. Let A be a right H-comodule algebra, and consider the fol- 
lowing statements: 

(1) {F,G) is a pair of inverse equivalences; 

(2) {F, G) is a pair of inverse equivalences and A G is flat; 

(3) can is an isomorphism and A G b-M. is faithfully flat; 

(4) {F',G') is a pair of inverse equivalences; 

(5) {F' , G') is a pair of inverse equivalences and A ^ M.b is flat; 

(6) can' is an isomorphism and A & A4b is faithfully flat; 

Then (3) (2) =^ (1) and (6) (5) =^ (4). // H is flat as a k- 
module, then (1) <J=> (2) and (4) (5). If k is a field, then the six 

statements are equivalent. 

Let ^ be a faithfully flat right ff-Galois extension. The inverse of the 
canonical map can is completely determined by the map 

jA = can~^ o {r]A ^ H) ■ H^A^bA, h i-> y^Ji{h) 0^ ri{h). 

i 

Then the element 7a (^) is characterized by the property 

(1) ^li{h)ri{h)^®ri{h)^^=l®h. 

i 

For all h,h' e H and a G ^, we have (see [III 3.4]): 

(2) ^A{h) e{A0BAf; 

(3) jA{h(^i)) (E> h^2) = ^k{h) ®B ri{h) ^ 0ri{h) [i] ; 

i 

(4) 7a(/i(2)) «''S'(/i(i)) = ^k{h)[Q] (^BTiih) (g>li{h)iiY, 

i 

(5) ^/i(/i)ri(/i) =e(/i)lA; 

i 

(6) ^ a[o]/i(a[i]) <S)B ri{a[i]) = 1 0^ a; 

i 

(7) ^ /i(5(a[i])) ®B ri{S{a[i]))a[Q] = a 0^ 1; 

i 

(8) 7a(M') = h{h%{h) ®B rj{h)r,{h'). 

2. The categories Ca and 

Let j4 be a right /7-comodule algebra, and B = A^'^^, as in Section [TJ We 
introduce a category Ca, with two objects 1 and 2. The morphisms are 
defined as follows. 

Ca(1,1) = Rom{H,B) 

= {v: H ^A \ p{v{h)) = v{h) ® 1, for all h G H}; 

Ca(2,1) = Hom^(/7,^) 

= {t: H ^ A \ p{t{h)) = t{h(i)) (g) h^2), for all h G H}; 

Ca(1, 2) = {u: H A\ p{u{h)) = u{h(^2)) 'S'(/i(i)), for all /i G H}; 
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Ca(2,2) = {w. H ^ A \ p{w{h)) = w{h(^2)) ® 5'(/i(i))/i(3), for all h € H}. 

The composition of morphisms is given by the convolution on Hom.{H^A). 
We have to verify that, for / : i — >■ j and g : j ^ k, then g * i & Cyi(i, k). 
Let us do this in the case where i = j = k = 2: for w,wi G CAi^, 2) and 
h G H, we have 

p{w*wi){h) = p{w{h(^i))wi{h(^2)) 

= w{h^2))m{hi^5)) 'S'(^(l))^{3)5'(/i(4))^(6) 
= W^(/l(2))w^l(/l(3)) ^ '5(^(1) )^(4) 

= (u; * ?i;i)(/i(2)) (8) S'(/i(i))/i(3), 

and it follows that 'w*'Wi G Ca{^, 2), as needed. Verification in all the other 
cases is similar and is left to the reader. 

We also introduce the category and show that it is isomorphic to Ca- It is 
introduced because it allows us to simplify slightly some of the computations 
in Section [3l also has two objects, 1 and 2. The morphisms are defined 
in the following fashion. 

C'^{1,1) = Hom(F,S) 

= {v' :H ^A \ p{v'{h)) = v'{h) ® 1, for all h G H]- 
C;^(l,2) = Yiom.^{H,A) 

= {t' -.H ^ A \ p{t'{h)) = t'{h^i)) /i(2), for all h G H}; 
C;^(2,l) = {u' -.H ^ A \ p{u'{h)) = n'(/i(2)) for all h G H]; 

e'j^{2, 2) = {w' : H ^ A \ p{w'{h)) = w'{h(^2)) ® /i(3)5(/i(i)), for ah h G H}. 

The composition of two morphisms in is given by the convolution product 
in Hom(F™P,y4): 

Proposition 2.1. We have an isomorphism of categories 7 : — ?> C^, 
which is the identity at the level of objects. At the level of morphisms, it is 
given by 7(7') = f o S. 

Proof. We have to show first that 7(C^(i,j)) C CA(i,j). Let us do this in 
the case i = j = 2, the other cases are done in a similar way. So take 
w' G C^(2, 2), and let w = w' o S = j{w'). Then for all h G H, we have that 

p{wih)) = piw'{S{h)))=w'iS{h)^2))(S>S{h)^3)S{S{h)^,)) 

= w'{S{h(^2))) ^ 'S'(^(l))^(3) = W{h^2)) 'S'(/l(l))/l(3), 

proving that w G Ca(2,2), as needed. It is easy to see that 7 respects the 
composition of morphisms: 

lif'^g'm = {f'*g'){S{h)) = f'{S{h^,)))g'{S{h^2))) 
= fih(iMh^2)) = if*9)ih). 

Finally, 7 is an isomorphism. The inverse functor 7 is given by 7(/) = 
foS. □ 

The functor 7 induces maps jji : C^(i, j) — ?> CA{h^)■ 
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3. Main result 

Let ^ be a faithfully flat right //-Galois extension. We assume moreover 
that H is projective as a /c-module. This is always satisfied if we work over 
a field k. Let P and Q be two right relative Hopf modules. We have a map 

p : RoraAiP, Q) ^ Hom^lP, Q ® H), p{f){p) = /(p[o])[o] ® f{P[o])[i]S{p[i]) 

As H is projective, the natural map Homyi(P, Q) H ^ Hom^(P, Q (g) H) 
is a monomorphism, and we can consider Homyi(P, Q) ® H as, a, submod- 
ule oiH ^ HomA(P,g H) We call / G HomA(P,Q) rationai if p{f) £ 
Homyi(P, Q)^H, that is, if there exists an element /[o]<Xi/[i] G Hom/i(P, Q)® 
i/ (summation implicitely understood) such that p{f){p) = f[o]{p)'^f[i]j foi' 
all p P, which is equivalent to 

(9) P{f{p)) = f[o]{P[o]) f[i]P[i]- 

The submodule of Hom^(P, Q) consisting of all rational maps is denoted by 
HOMyi(P, Q), and is a right i/-comodule. ENDyi(P) is a right ff-comodule 
algebra. Now we take P = M^bA where M e Mb, E = END^ (M^bA) 
and 

F = = END^(M(g)B A) ^ Endij(M), 

in view of Theorem ll.il Then we can consider the categories Ce and Cg, as 
in Section [2j 

We have seen in Section [1] that M (8)s A G -^a ^ relative Hopf module. 
In particular, it is also an object in where B is considered as a right 

iJ-comodule algebra with trivial i/-coaction. In fact A4^ is the category of 
right S-modules with a right //-coaction such that p{mb) = mjg] (8) 
for all m G M and b ^ B. M (S) H is also an object of A^^, with S-action 
and i/-coaction given by p{m h) = m® A(/i) and (m (8) /i)^ = rob h. 
Now let Vm be the full subcategory of with objects M(g)B^ and M^H. 
Out main result is the following. 

Theorem 3.1. Let H be a projective Hopf algebra, and A a faithfully flat 
right H -Galois extension. For M & Mb, we have a commutative diagram 
of isomorphisms of categories: 

C'e ^ Ce 




'Dm 

At the level of morphisms, the functors a and a' are defined in the obvious 
way: 

a{l) = a {1) = M H : a{2) = a'{2) = M (g)B A. 

In the subsequent Lemmas, we will define a and a' at the level of morphisms. 
The proof of the following result is straightforward, and is left to the reader. 

Lemma 3.2. We have an isomorphism of k-modules 

5i : RouiBiM (S^B A,M) ^B.om^{M (^B A,M H), 

given by 

5i{(j)){m ®B a) = 4>{fn ®b a[o]) ® ! = ®e)oip. 
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We have an isomorphism of k- algebras 

62 : Horns (M H, M) Endf (M (g) H), 

given by 

52i@){m (g) /i) = G(m ® «) /i(2) ; 52(6*) = (M (g) e) o 6*. 

T/ie multiplication on Horrid (M (g) H,M) is given by the formula @ ■ Q' = 
Q o S2{Q'), or, more explicitly, 

(10) (G • G')(m (g /i) = G(Q'(m ® ® /i(2)). 
Lemma 3.3. We have an algebra map 

: 1) = Hom(i7, F) ^ HomB(M H, M), 

given by 

hi{v'){m®h) = rill[v'{h){m !))■ 

Proof For all h e H, we have that G F = E"""^ . Using ([9]), we find 

that 

p{v'{h){m 1)) = (gij 1) (g 1, 

hence v'{h){m (g^ 1) € (M (g)^ ^4)'^°'^. We know from Theorem 11.11 that 
r]M '■ M —7- (M(g5^)'^°^ is an isomorphism, so that /3ii is well-defined, and 
is characterized by the formula 

(11) ^u{v'){m (S)h)(g)Bl = v'{h){m (g^ 1). 

Let us now show that /3ii(w') is right i?-linear. For all m £ M, b £ B and 
h G H, we have 

/3n{v'){mb (g /i) 1 = v'{h){mb ®b 1) = v'{h){m ®b l)b 

= i3ii{v'){m ^h)®Bb = Pii{v'){m (g h)b (g^ 1. 

We will now show that /3ii has an inverse, given by 

(/3ii(G)(/i)) (m ®b a) = Q{m (g) /i) (g^ a. 

We have to show first that /3ii is well-defined, that is, /3ii(/i) G F, for all 
h E H. To this end, we compute that 

/o(^(Ai(G)(/i)) (m ®B a)) = 0("^ "X) h) ^b ^[o] ® aji] 

= (/3ii(Q)(/i))(m(gBa[o]) (ga[i], 

and conclude from 1^ that p0u{e){h)) = /3ii(G)(/i) (g) 1. 

We now show that /3ii and are inverses. For all G HomB(M (g) M), 

f ' € Hom(//, F) m G M, h G H and a G ^, we have 

(/3ii(G)) (m ^ /i) ®B 1 = (/3ii(0)(/i)) (m 1) 
= G(m(g)/i) 1; 
(/3ii(/3ii(^^'))W)("T-^B a) = {hi{v')){m(^h) ®Ba 
= v'{h){m®B'^)a = v'{h){m®B'^)- 

Let us finally show that /3ii is an algebra map. For v' ,v'i: H ^ F , m G M 
and /i G we have 

{hiW) ■ ^iiiv[)){m /i) Ob 1 = /3ii(?;')(/3ii(t^l)(m /i(i)) O /i(2)) O 1 
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= u'(/i(2))(/3ii(t;i)(m (g)B 1) = K(/i(2)) ° 1) 
= {v' ■kv[){h){m®B 1) = 1, 
and it follows that ^u{v'*v[) = i3u{v') ■ /3ii{v[). □ 
Corollary 3.4. We have algebra isomorphisms 

Pii = 62 o : C^(l, 1) ^ Endf (M F); 
an = <52 o /3n o 7-^1 : C£(l, 1) ^ Endf (M ^ 
Lemma 3.5. We have an isomorphism of k-modules 

P21 ■■ C'e{1, 2) = Hom(/7, E) Homf (M ^H,M^bA), 

given by 

I32i{t'){m (S)h) = t'{h){m ®b 1), 
for t' € Hom(i?, i?), m € M, h ^ H. Consequently, we also have an 
isomorphism 

021 = /321 o 721^ : 2) ^ Homf (M (^H,M®b A). 

Proof. It is easy to see that /32i(i') is right A-linear: 

hi{t'){mh (g>h)= t'{h){mb (g>B 1) = t'{h){m (g>B b) 
= t'{h){m0Bl)b= W2i{t'){m0h))b. 
(32i{t') is right i/-colinear: 
p{^2i{t'){m h)) =p{t'{h){m0B 1)) =t'(/i)[o]("i(»B 

This shows that /32i(i') G Homf (M (g) if, M (8^ A) , as needed. Now we 
define a map 

Hom^ {M ^H,M (^B A) ^Rom{H,E) 

by the formula 

{P2ii'^)){h){m a) = i'i'm Cg) h)a. 
We first show that P21 is well-defined, and then that it is inverse to /32i- 
/32i(V') is right ii-colinear: we first compute 

p{(^2iW){h)im a)) = p(V^(m /i)a) 
= ^("1- <^ /i(i))a[o] <^ ^(2)«[i] 
= (/32i(V'))(^(i))("i (^B a[o]) (g) /i(2)a[i], 

and we conclude from Q that p{i/3 2ii'4'))W) — i(^2i{'^))(.^(i)) ® ^{2)^ ^ 
needed. Let us finally show that /32i and f32i are inverses. For all t' G 
Hom^(i7, E), ip G Homf (M (g) H, M (g)B A), m e M, a e A and h e H,we 
have 

W2I o ^2l)(V')("i ® = (^2l(^))("^ '^B 1) 

= ■il}{m 0B '^)a = ip{m 0B a); 
{{(^2i°Mit'))W)im a) = (/32i(t')("i®/i)« 
= t'{h){m®B'^)a = t'{h){m(gBa). 

□ 
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Lemma 3.6. We have an isomorphism of k -modules 

/3i2: C'e{2,1) ^RouiBiM CSb A,M), 

given by 

Pi2{u'){m (g)B a) = r]^j{u{a[i]){m (g)^ a[o]))- 

Proof. First, we have to show that u'(a[i])(m (8)^ a[o]) € (M(8)b^)™^. This 
can be seen as follows: 

p{u'{aii]){m (g)B a[o])) = u'(a(3))(m (g)B a[o]) <^ S'(a(2))a[i] 

= u'(a[i])(m (g)B a[o]) "Xi 1. 

Remark that f3i2{u'){m 0b cl) is characterized by the formula 

(12) /3l2(w')("^ 0B a) (S)bI = n'(a[i])(m (g)^ apj). 
Now we show that f3i2{u') is right i?-linear: for 6 G -B, we have 

^i2{u){m (g)B a6) (8)B 1 = n'(a[i])(m 0b «[o]^) = «[o])^ 
= A2(^i')("T' ®B a) ®Bb = I3i2{u'){m (g)^ a)6 (g)^ 1. 
Now we construct a map 

ai2 : Homij(M (E)bA,M)^ Ce{2, 1) = Hom^(i?, E). 

as follows: 

(13) [ai2{(t)){h)) {m(g)B a) = J2 k{h)) (S)b ri{h)a. 

i 

It is clear that [ai2 {(/))) (h) is right ^-linear. Then we need to show that 
0^12(0) is right ff-colinear. To this end, we need to show that 

(14) p{ai2{(l)){h)) = ai2(</')(/i(i)) /i(2), 
for all /i G ff. For all m E M and a E j4, we compute 

p(^{c(i2{^){h)) {m (S>B a)^ 

= ^ (pini (g) li{h)) (S>B ri(/i) [ojOfo] (g ri{h)[i]a[i] 

i 

= ^ (?:)(m (g) /i(/i(i))) (gfi rj(/i(i))a[o] (gi /i(2)a[i] 
j 

= (ai2(0)(/i(i)))(m(gij a[o]) ®/i(2)«[i], 
and (fH|l follows as an application of ([9]). 

Now we define /3i2 = ai2 ° I12 •> show that /3i2 and 012 are inverses. /3i2 
is given by the formula 

C^i2mh)){m 0Ba) = Y, 

(pim (S)B k{S{h)) (g)B ri{S{h))a. 

i 

Now we compute 

(((/3i2 0/3i2)(7x'))W)("i a) 

= ^0i2{u)){m /i(S(/i)) ri(S{h))a 
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= {u'ik (S{h) [1] ) ) (m ®B /, (S{h) [0] )u(S{h)a 
i K(5(5(/i(2)))))(m0B/,(:S(/i(i)))r,(5(/i(i))a 
= {u'{h^2))){'m®B /i(S'(/i(i))ri(S'(/i(i))a) 
= u [h){m®B ay, 
{{h2°h2){4>)){m ®B a) ®bI 

= (/3i2((A))(a[i])("i f^B «[o]) 

= X] ^'^^ US{aii]))) (S)B ri(5(a[i]))a[o] 

13 N 

= (;&(m (g)^ a) (8)B 1. 

n 

Corollary 3.7. VFe have k-module isomorphisms 

/3i2 = <5ioA2 : C'e{2,1) -^Rom^{M(^BA,M0H)y, 

ai2 = Si° Pi2 o lii ■■ Ce{2, 1) ^ Homf (M Ob A, M i/)). 

Lemma 3.8. We have an algebra isomorphism /322 ■ C^(2, 2) Endg(M(8)B 
A), given by the formula 

i(322{w')){p) = W'(P[1])(P[0]), 
for all p € M ^B A. Consequently, we also have an algebra isomorphism 
«22 = /322 o 72^2^ : C^(2, 1) ^ Endf (M 0b A). 

Proof. We first show that fi22{w') is right i?-linear. For p E M ®b A and 
b £ B, we have /o(p6) = p[o]6 CSpfi], and 

(/322(u''))(pf') = w'{pii]){p^b) = w'{pii]){p^)b. 

I^22{w') is right i/-co-hnear. Since if' G C^(2, 1), we have 

p{w'{h)) = w{h(2)) ® ^(3)'S'(/i(i)), 

hence 

(15) p{w'{h){p)) = u'(/i(2))(p[o]) /i(3)S'(/i(i))p[i]. 

Now we have 

p{i/322{w')){p)) = pK(p[l])(p[0]))^li''(P(3))(P[0]) '^P[4]5'(P[2])P[1] 
= '^'(P(1))(P[0]) ®P[2] = (/322(W^'))(P[0]) 

We next show that (^22 is an algebra morphism, that is, it preserves multi- 
plication and unit. Mulitplication: 

{/322{w' -kw[)){p) = {{w' -kw[){p[i]){p[o]) 

= iw'iP[2])ow[-^]iP[l]))iP[0]) 

= ^^'(P[1])(/322K)(P[0])) 

= U;'((/322K)(p))[i]) ((/322K)(P))[0]) 

= /322K)(/322K)(P)) 
= {P22{w') o P22{w[)){p). 
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In the fourth equality we used the fact that P22{w'i) is right ff-cohnear. 
Unit: {/322{VE o £h)){p) = (??(e(P[i]))(P[o]) = P- 

Now we consider the map 

022: Endf (M0B^) ^Cs(2,2), 
defined as follows: for n G End;g(M vl), let 

{a22{n){h)){m (g)B a) = ^K(m li{h))ri{h)a. 

i 

We have to show that ai2{n) € CeC^, 2), that is, 
(16) p{ai2{K){h)) = (ai2(/^)(/i(2))) ® 5'(/i(i))/i(3)- 

We proceed as follows: for all m € M and a € A, we have 
p{ai2{K){h){m a) = ^(m ^b h{h))ri{h)a) 

i 

= ^K{m(S>B li{h)[o\)ri{h)io]a[o] (g) li{h)[i]ri{h)[i]a[i] 

i 

= ^ K(m (S)B /i(/i(i))[o])»^i(^{i))a[o] ^ ^i(/i{i))[i]^(2)a[i] 

i 

= ^ K(m (g)B /j(/i(2)))?^i(/i(2))a[o] ® S'(/i(i))/i(3)a[i] 

i 

= a22(K)(/l(2))("l 0(0]) S'(/l(i))/l(3)a[i] 

In the second equality, we used that k is right ff-colinear. ()16p then follows 
as an application of Let us now show that /322 = ai2 ° 722^ and /322 are 
inverses. 

((/322 o^22)(^))("l«'B «) = (^22('«)(a[l]))('^ ®B "[O]) 

= n{m®B k{S{ayi\))ri{S{ayi\)a]fi\ =n{m®B a); 

{{W22°P22){w')){h)){m (g)B a) 

= J]/322(u;')("i^^i?^*(^W))ri(5(/i))a 

i 

= j;(u;'(/,(5(/i))[i]))(m0B/.(5(/i))[o])r,,(5(/i))a 

i 
i 

© //T \ / \ 

= w [ri)[m ®B oj- 

□ 

Proof, {of Theorem \3.1\\ In the preceding Lemmas, we have shown that there 
exist isomorphisms 

j) — Cs(i, j) — Homf (a(i), a(j) 
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The proof of Theorem l3.1l will be finished if we can show that, given / : i ^ j 
and g : j — > k in Ce, we have 



We already know that (fT7|) holds if i = j = k, see Corollary 13.41 and 
Lemma 13.81 

We now fix the following notation. 

w'gC^(1,1) V = -iii{v') e Ce{1,1) e = aii{v): M®H ^M®H 

i'GC^(l,2) n = 72i(t') eCi5(l,2) il) = a2i{v) : M ® H ^ M ®b A 

u'gC^(2,1) t = 7i2(n') ECij(2,l) <f = ai2{v) : M ®b A ^ M ® H 

w'gC^(2,2) w = 722(w') e C£;(2,2) k = a22{w) : M ®b A^ M ®b a 

Furthermore, let = 62{0) and (p = 5i{ip), see Lemma 13.21 The six remain- 
ing identities that we have to prove are 



(18) 


a2i{v * u) 


= "21 (u) 


o an{v) 


= ^poe; 


(19) 


a2i{w * u) 


= a22{'w] 


) ° a2iiu] 


) = no ip 


(20) 


aiiit * u) 


= auit) 


o 021 (u) 


= ipoiP; 


(21) 


ai2{t * w) 


= "12 (i) 


o 022 (tw) 


= ip o k; 


(22) 


ai2{v * t) 


= aii(^') 


ai2(t) 


= 9oip- 


(23) 


a22{u * t) 


= o:2i{u) 


o auit) 


= ipoip; 



(|18p is equivalent to /32i{ip ° 0) = t' -k v'. This can be shown as follows 
{{t' -kv'){h)){m ^B a) = {t'{h(2)) o v'{h(i))){m ®b a) 
= (t'(/i(2)))(0("iO/i(i)) Oija) 



(17) 



akj{g) ° ajiif) = oikiig * f) 




= {ifj o 0){m ® h)a 

= (p2i{^°G)){m®Ba). 



(fT9|) is equivalent to I32i{w' -kt') = k o ip. 
ip is given by the formula (see Lemma l3.5p : 



-0(m (g) /i) = t'{h){m ®B 1)- 
t' is right //-colinear, hence p{t'{h)) = t'(/i(x)) <8) /i(2), and 
p{tl){m (g) h)) = t'(/i(i))(m ®B 1) ® /i(2)- 



Then we have 



(k o %l))(m <^ h) = {w'itpim (g) /i)[i]))(V'(m ® /i)[o]) 



= (it;'(/i(2)))(t'(/i(i))(m^Bl)) 

= {{w' i.t'){h)){m(g>Bl) = I32i{w' *t'){m(g>h). 



(f20|) is equivalent to /3ii(9? o tp) = u' -k t' . 
First observe that 

{(3ii{(p o il)){h)){m (g)_B a) = ((M (g) e) o 93 o ■0)(m (S)h) 0b a 
= {(j) o il>){m ® h) '0B a. 
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Now write 

■0(m h) = nij (8)7v aj. 
j 

Since tp is right iJ-colinear, we have 

(24) 'ip{m (g) (g) /i(2) = '^{rrij i^n aj[o]) <3n aj[i]. 

j 

Then we compute 

{{u -k t'){h)) (m ®B a) = (n'(/i(2)) o (m (g)ij a) 

= u{h^2)){'4){m®h(^i))a) 

i 

= (/)(m-j 03 CLj) ®B a = (0 o V')(m (g) /t) ®b a- 

j 

([2T]) is equivalent to /3i2(w' * it;') = ip o k. 
We apply Lemma 13.81 and write 

K(m (gfi a) = w'(a[i])(m (g^ a^j) = ^ mj (gg Qj- 

j 

Since k is right ff-colinear, we have 

(25) K(m (gfi a[o]) (g a[i] = ^(m^ (g^ Oj-pj) (g aj[i]. 

i 

Recall from Lemma 13.61 that (/)(m (gs a) (gs 1 = ti'(a[i])(m (g^ ap]). Then 
compute 

((M (g e) o 93 o K)(m (gfi a) (gfi 1 = (0 o «;)(m (g^ a) (g^ 1 

1I25I1 , , , 

= u (a[i])(K(m (gs a[o])) 

= {u'{a[2]) ow'{aii])){m(g>B a[Q]) 

= ((n'*?i;')(a[i]))(m(gB a[o]) 

= {{M0e)oPi2{u'*w')){m0Ba). 

It follows that Si{ip o k) = {M (g e) o o k = (M (g e) o f3i2{u' * w') 
'5i(/3i2(ii' * ^^'))- ^iid then (p o k = f3i2{u' -k w'). 



22]) is equivalent to f * t = 012 (^ o 99). Recall from ()13p that 

{t{h)){m (^B a) = (t){m (g li{h)) ®b ri{h)a, 



and from Lemma 13.31 that 

{v{h)){m 0B a) = {v{S{h))){m 0b a) = @{m S{h)) 0b a. 
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Then we compute 

{{v * t){h)){m (^B a) = (f (/i(i) o v{h(2))){m ®b a) 

= ® k{h{2))) ®B ri{h(2))a) 

i 

i 

= ^0((/)(m(g)Zi(/i)[o]) (8) ri{h)a 

i 

= ^e{ip{m(Ejli{h)) (g>Bri{h)a 

i 

= ^{{M ®£)oeoLp){m®li{h))®Bri{h)a 

i 

ill3l i / — 1 //I \\ , X 
= {a^2V^ ° V))v^ ®B a). 

Finally, ()23p is equivalent to I322it' *u') = %ljoip. From Lemma 13.51 we have 
that ip{'m®h) = t' [h){m®B l)i and from Lemma [3 .61 that (j){m®BCi) ®B 1 = 
u'(a[i])(m ®B a[o])i hence 

{iIj o ip){m ®B a) = ip{(f){m ^b a[o]) ® ^[i]) 
= t'(a[i])(0(m a[o]) l) 
= (.t'{ai2]) ou'{a[i])){m^B a[Q]) 
= {{i' -*'u'){a[i])){m®B a[o]) 
= (/322(t'*n'))(m (g)B a). 

n 

4. The left-right case 

Assume that H is projective as a /^-module. Assume that A is a left faithfully 
flat i7-Galois extension of B, that is, A satisfies conditions (4) and (5) of 
Theorem 11.11 A left A-linear map between left=right {A, i/)-modules is 
called rational if there exists a (unique) /[q] ® /[ij € AHom(P, Q) H such 
that p{f{p)) = /[o](P[o]) aHOM(P, Q), the submodule of rational 

maps is a right i?-comodule and /iEND(P)°p is a right i?-comodule algebra. 
Now take M G bM, and let E = aEND(A 0b M)°p. Then F = E"''^ = 
^End^(^(8)ijM)°P ^ BEnd(M)°P. Let £m be the fuh subcategory of bM^ 
with objects B®H and A^b M. 

Theorem 4.1. notation and assumptions as above, we have a duality 

a : Ce ^ £m- 

Proof. Let a(l) = M (S) H and a{2) = A 0b M. Below we present the 
descriptions of the maps aji : C£;(i, j) T>Mij, i) and their inverses Oji. All 
the other verifications are similar to corresponding arguments in the proof 
of Theorem 13. II and are left to the reader. Observe that we have two natural 
isomorphisms 

5i : B'iiom{A0B M,M) b'^oir^ {A 0b M, M H); 
62 : ijHom(M 0H,M)^ BEnd^(M H) 
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defined as follows: 

6i{(f)){a (g)^ m) = (/)(a[o] (8)_b m) (g) a^^ ; 6i{(f) = {M (g) e) o (p- 

(52(G)(m O /i) = e(m ® (g) /i(2) ; ^2(0) = (M ® e) o 6*. 
We have an isomorphism 

dii : C£;(l, 1) = Hom(i?, E""") ijHom(M H, M), 

given by the formulas 

1 0B an{v){'m (g /i) = v{h){l (g^ m); 
Q!ii(G)(/i)(a i^Bm) = a 03 ©("i (g /i). 

We then define an = /32 ° "Siii- 
The isomorphism 

ai2 : Ci5(2, 1) = Rom^{H, E) ijHom^(M ®H,A(^bM) 

is given by the formulas 

ai2{t){m ®h)= t{h){l ®b m) ; (ai2('0)(/i))(a (g_B "i) = 

We have an isomorphism 

021: Ce{1,2) ^ Biiom{A0B M,M), 

given by the formulas 

1 (^B a2i{u){a (gfi m) = n(a[i])(a[o] <E)b m); 

{a2ii(j))ih)){a (gfi m) = '^ali{h) (g^ (piri{h) (g^ m). 

We then define 021 = A o q!2i. 
Finally, the isomorphism 

022 : Cs(2, 2) ^ BEnd^(A (g^ M) 

is given by the formulas 

a22iw){cL (gs m) = w(a[i])(a[o] (g^ m); 
(a22(«;))(/i)(a ®_B ni) = ^ ali{h)K{ri{h) <5S>b m). 

i 

□ 

5. Cleft extensions 

Recall that a right if-comodule algebra A is called cleft if there exists a 
convolution invertible t G }iom^{H,A). This means precisely that 1 and 2 
are isomorphic objects in Ca- 

There is a Structure Theorem for cleft extensions, see [B] or [UJ Theorem 
7.2.2]: cleft extensions are precisely the crossed product. We will present a 
proof of this Theorem, based on the duality from Theorem 14. li First let us 
recall the precise definition of a crossed product, following [Qi Sec. 7.1]. 

Let H he a Hopf algebra measuring an algebra B: this means that we have 
a map uj : H B —?■ B, u){h (g 6) = h ■ b such that h ■ 1 = e(/i)l and 
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h ■ (be) = • 6)(/i(2) • c), for all h e H and b,c e B. Let a : H ^ H ^ B 
be a map with convolution inverse a. A^^H is A^H with multiplication 

(26) {b#h){c#k) = • c)a(/i(2) ^ A;(i))#/i(3)A;(2). 

The following result originates from [Il[6], see also [9l Lemma 7.1.2]. The 
proof is straightforward. 

Proposition 5.1. With notation as above, B^uH is an associative algebra 
with unit 1#1 if and only if the following conditions hold: 

1) B is a twisted H -module, this means that 1 ■ b = b, for all b G B, and 

(27) h-{k-b)= cj(/i(i) fc(i))((/i(2)fc(2)) • 6)a(/i(3) (g) /c(3)), 
for all h,k G H and b G B; 

2) a is a normalized cocycle; this means that a{h (8) 1) = (t{1 ® h) = e{h)l 
and 

(28) (/i(i) • cr(A;(i) (g) /(i)))cr(/i(2) (E> k(2)l(2)) = cr(^(i) k(i))a{h(2)k(2) ® I), 

for all h,k,l G H. Then B^^jH is called a crossed product; it is an H- 
comodule algebra, with coaction induced by the comultiplication on H. 

Now we present the Structure Theorem for cleft -ff-comodule algebras. But 
first we make the following remark. Assume that t G Hom^{H,A) has 
convolution inverse u. Then t(l)n(l) = n(l)t(l) = 1. Then t' = u{l)t £ 
}iom^H, A) has convolution inverse ut(l), and satisfies t'(l) = 1. So if A is 
cleft, then there exists a convolution invertible t G liom^{H,A) taking the 
value 1 in 1. 

Theorem 5.2. Let H be a projective Hopf algebra, A a right H-comodule 
algebra, and B = A^°^ . Then the following assertions are equivalent: 

(1) A is cleft; 

(2) A is isomorphic to a crossed product B^uH ; 

(3) A is a faithfully flat left Hopf-Galois extension of B, and A is iso- 
morphic to B ^ H as a left B -module and a right H-comodule. 

Proof. (1) =^ (2). Theorem 14 . II holds under the assumption that A is an H- 
Galois extension. However, if M G b-M is such that is an isomorphism, 
then we we still have the functor a. This happens in the particular situation 
where M = B. In this case E = ^END(^ BfP = AEND(yl)°P ^ A, and 

jr — J^coH _ ^coH _ 

If A is cleft, then there exists a convolution invertible t G Hom^ (H, E), with 
t{l) = 1, and then ai2(t) : B ® H ^ A ®b -B = ^ is an isomorphism in 
■ We transport the multiplication on A to B (iSi H, and write B^^jH 
for A® H with this multiplication. We can easily make this explicit: with 
notation as in Theorem 14.11 let ai2(i) = ip, u the convolution inverse of t, 
021 (it) = (f^ and a2i{u) = ip. Using the formulas in the proof of Theorem l4.1l 
we find 

'^(b®h) = bt{K) ; 0(a) = a[o]u(a[i]) : 93(a) = a[o]n(a[i]) (gap]. 
Now we transport the multiplication: 

(6#/i)(c#A:) = ^[^{bj^k)^{cm) = ^{bt{h)ct{k)) 

= ^t{h(i))ct{k(i))u{h(^2)k(2)) ® ^(3)fc(3) 
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= ^*(^{l))cn(/l(2))t(/l(3))i(A;(l))u(/l(4)A;(2)) /l{5)^{3) 

Now define 

(29) ujt: H ®B ^ B, iOt{h b) = t(/i(i))6n(/i(2)) = h ■ b, 

and 

a: H ® H ^ B, (t(/i (g) /c) = i(/i(i))t(/c(i))u(/i(2)A;(2)). 
Then the multiphcation is given by formula ()26p . The unit of the multipli- 
cation is ip{l) = = 1#1. It is obvious that ut measures B and that 
<T is convolution invertible, with inverse a{h®k) = t{h(i-)k(i'^)u{k(2))u{h(2))- 
Straightforward computations show that the conditions of Proposition 15.11 
are satisfied, so A is isomorphic to the crossed product B^o-H. 
(2) =^ (3). Consider a crossed product A = B^^^H, as in Proposition 15.11 
Since H is projective, and therefore faithfully flat, as a /c-module, A is 
faithfully flat as a left and right S-module. Now A 0b A = {B (>Si H) (Eib 
(B (8) H) = B fS) H H , and then it is easy to see that the canonical map 
can : BiS)H'S)H^B(^H(SiH is given by the formula 

can(a (8 6 (8) A;) = a(T(/i(i) (8 (g /i(2)^(2) ^(3)- 

can is bijective, with inverse 

can^"^(a 0b(^ k) = aa{h(i^S{k(2)) ® ^(3)) ® h(2)S{k(i)) ® k(^4^y 

Then can' is also bijective, and A is a faithfully flat left and right i7-Galois 
extension, clearly isomorphic to i? (8) i7 as a left i?-module and a right H- 
comodule. 

(2) =^ (3). Since j4 is a faithfully flat left //-Galois extension, we can 
apply Theorem 14.11 We have an isomorphism ip : B IS) H ^ A in b-M.^ , 
and t = ai2{ip) is then a convolution invertible element in }iom^{H,A). 
This shows that A is cleft. □ 

Remark 5.3. Let A = B^„H be a crossed product. From the formulas in 
Theorem 14.11 we can explicitly compute t = ai2{ip) and u = ai2(0)- First, 
^ : B H ^ A = B^cjH is the identity map, and then we see easily that 
t{h) = li^h. In the proof of (2) =^ (3), we constructed the inverse of the 
canonical map, and from this we deduce that 

Y,h{h)®r^{h) = (^(5(/i(2))®^3))1b#'5(^i))) ®b (lij#/i(4)). 

i 

Now we have that (j) = {B ® e) : A = B^^H — t- i3, and then we see that 

w(/l) = a(S(/l(2))®/i(3))li?#S(/l(i)). 

Of course these formulas are well-known, see for example [HI Prop. 7.2.7]. 

If t G Hom^(F,yl) is an algebra map, then t is convolution invertible, with 
convolution inverse t o S. Then the cocycle a constructed in the proof of 
Theorem 15.21 is trivial, and (f27|) reduces to h ■ {k ■ b) = (hk), so that B is 
an iJ-module algebra. Then A is isomorphic to the smash product B^H. 
This proves (1) =^ (2) in the next theorem. 

Theorem 5.4. Let H he a projective Hopf algebra, A a right H-comodule 
algebra, and B = Then the following assertions are equivalent: 

(1) there exists an algebra map t G Hom^ {H , A) ; 
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(2) A is isomorphic to a smash product B^H . 

Proof. (2) =^ (1). The map t constructed in Remark 15.31 is an algebra 
map. □ 

Consider the space 

Q.A = {i S ^orcL^ {H, A) \ t is an algebra map}. 

We have the following equivalence relation on VLa'- ti ~ t2 if and only if 
there exists b G U{B) such that hti{h) = t2{h)b, for all h ^ H. We denote 
ft A = ^a/ ~- With some extra assumptions, we can give a categorical 
and cohomological interpretation of and ^a- Throughout the rest of 
this Section, we will assume that H is cocommutative, B is commutative 
and A is cleft. In this situation Cyi(2,2) = }iom(H,B). For a convolution 
invertible t G Hom^ {H , A) , we consider the map cot, see (j29p . 

Lemma 5.5. ujt is independent of the choice of t, and makes B into a left 
H-module algebra. 

Proof. The second statement follows immediately from (|28p . taking into 
account that B is commutative. Let t,to G i{om^{H,A) be convolution 
invertilble, with convolution inverses u and uq. Using the commutativity of 
B again, we find 

no(/i(i))t(/i(2))fc?i(/i(3))to(/i(3)) = buo{h(^i))t{h(^2))u{h(^3))to{h(^3)) = ^• 
Then 

wtoih (g) 6) = to{h(^i-j)buo{h(^2)) 

= to{h(i) )uo {h(^2))t{h{3))bu{h(^4^) )to(/l(5) )?^0 (/l(6) ) 
= t{h^i))bu{h^2)) = wt{h®b). 

□ 

Since B\sa left /f-module algebra, we can consider the Sweedler cohomology 
groups H^{H,B) with values in see [12]. 

Theorem 5.6. Assume that H is cocommutative, B is commutative and 
H is cleft. Then we have the following subcategory Xa of Ca ■ Xa has two 
objects 1 and 2, and 

Xa{1,1) = Z\H,B); 

Xa{2,1) = Qa; 

Xa{2,2) = {lo eUomiH^B) \ ujo S e Z^{H,B)}; 

Xa{1,2) = {toS\t€n}. 

Proof. Recall that a convolution invertible v : H —?■ B is a 1-cocycle in 
Z\H,B) if 

v{hk) = • v{k))v{h(^2)), 
for all h,k £ H. A convolution invertible w : H —?■ B lies in Xa{2, 2) if 

w{hk) = {S{k^i)) ■ w{h))w{h(2)), 

for all h,k e H. It is well-known that ^^^(1,1) = Z^{H,B) and Xa{2,2) 
are groups. Take v G Z^{H,A), w = v o S G Xa{2,2), t,t' G Ha, u = 
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toS,u' = t' oS e XAil,2). 

1) t*ui e Z^{H, B): for all h,k e H, we have 

{h * u){hk) = t(/i(i))t(fc(i))i(i(A:(2))Mi(/i(2)) 

= t{h{i)){'t * ui){k)u{h(2))t{h^3))ui{\4^)) 
= {h^iy{t*Ui){k)){t*u){k). 

2) V *t G Qa- for all h,k e H, we have 

{v*t){hk) = ■ v{k(^i)))v{h(^2))t{h(^3)t{k(^2)) 

= t{h(^i))v{k(^i))u{h(^2))v{h(^3))t{h(A)t{k(2)) 
= Khi) )u{h(2) )v{h(3) )t(/l(4)^^(^(l) )t{k(2) ) 

{B is commutative) 
= {v*t){h){v*t){k). 

3) t*w E fiA- for all h,k E H, we have 

{t * w){hk) = t(/i(i))t(A;(i)) (5(^(2)) • w{h^2)))'w{k{3)) 
= )t{k^i) )u{k^2) )w{\2) )t{k^3) )w(.k^3) ) 

= {t*w){h){t*w){k). 

4) We know from 1) that t * ui e Z^{H, B), hence {t * ui) o S = u * ti G 
A'a(2,2). 

5) We know from 2) that v *t & ^Ia, hence {v*t)oS = 'w*uG Xa{1, 2). 

6) We know from 3) that t*w e Qa, hence {t*w)o S = u*v e 2). □ 

Obviously Xa is a groupoid: every morphism in Xa is invertible. Assume 
now that Qa 0, and fix to G ^a- Then the map F : Z^{H,B) Ua, 
F{v) = t; * is a bijection. The inverse is given by F~^{t) = t * uq, with 
uo = too S. 

Proposition 5.7. F sends equivalence classes in Z^{H,B) to equivalence 
classes in ^Ia, cmd a similar property holds for F~^ . Hence F induces a 
bijection H^{H, B) ^Ua- 

Proof. For each invertible b E B, we have a 1-cocycle ff, : H ^ B, 
ff,{h) = {h ■ b)b-^. Then B^{H,B) = {ff^ \ b e U{B), and H^{H,B) = 
Z^{H,B)/B^{H,B). First assume that ~ t;i in Z^{H,B). Then there 
exist b G U(B) such that v = fb * vi. Let F(v) = t, F{vi) = ti, then 

t = v*to = fb*Vi*to = fb*ti 

and 

t{h) = b-\\i) ■ 6)ii(/i(2)) = 6-Hi(/i(i))6?xi(/i(2))i(i)(/i(3)) = b-Hiih)b, 

for all h ^ H, so that t ~ ti. Conversely, if t ~ ti, then there exists b G U{B) 
such that t{h) = b^^ti{h)b, for all h & H, and 

{t*uo){h) = 6~-^ti(/i(i))6no(/i(2)) = b'^ti{h^i))bu{h(2))t{\2.))uQ{\i)) 

= b-'\h(^i) ■ b){ti * uo){h(^2)) = ifb *ti* uo){h), 
for all /i G iJ, and then t*uo is cohomologous to * uq. □ 
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6. Stable modules and the Militaru-§tefan lifting Theorem 

We return to the setting of Section O ^ is a right faithfully flat ff-Galois 
extension, B is the subalgebra of coinvariants, and M is a right i?-module. 
Recall from [11] that M is called iJ-stable if M i7 and M A are 
isomorphic as right S-modules and right //-comodules. From Theorem 13 -H 
we immediately obtain the following result, originally due to Schneider |11) 
in the case where H is finitely generated and projective, and to Militaru and 
§tefan, [8^, Lemma 3.2] in the general case. 

Proposition 6.1. M £ Mb is H -stable if and only if E = ¥j^X}a{M®BA) 
is cleft, that is, there exists an H-colinear convolution invertible t : H ^ E. 

As we have seen in Section [5l an i?-colinear algebra map is convolution 
invertible. Militaru and §tefan proved that the existence of an i?-colinear 
algebra map t : H E is equivalent to the existence of an associative 
action of A and M extending the right S-action. This can also be derived 
from Theorem 13. H which is what we will now discuss. We fix the following 
notation: (p : M ®b A —> A is a right i3-linear map, (p = Puifp) = u', 

t = u o S = di2 ((/>). We also write (j){m (gi^ a) = m ■ a. From Lemma [3T6| we 
recall the following formulas (see ()12m4p : 

(30) m-aiS^B^ = '"'(a[i])(m (g)B a[o]); 

(3i|/i)(m a) = '^(f){m i^B hih)) (^B ri{h) = '^m ■ li{h) (^B ri{h). 



We then immediately have the following result: 

Proposition 6.2. With notation as above, the following assertions are 
equivalent: 



Proposition 6.3. With notation as above, the following assertions are 
equivalent: 

(1) t is multiplicative; 

(2) u is anti- multiplicative; 

(3) the right A-action on M defined by 4> is associative. 

Proof. (1) =^ (2) is obvious. 

(2) (3). For all m G M and a,b G A, we have 




(1) t{l) = I; 

(2) u'{l) = 1; 

(3) m - 1 = 1. 




follows immediately from ()30p . 



□ 



(m • (ab)) 1 = 'u'(a[i]6[i])(m ®b a[o]^[o]) 

= i{u'{b[i]) ou'{a[i])){m(g>B aiQ]biQ]) 
= u'{bii]){u\aii]){rn0Baio])bio]) 
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(3) =^ (1). For all h,k ^ H, m G M and a A, we have 

m (i 



t{hk){'m ®B o) = m ■ li{hk) (8)g rjjhk) 



13D 



• {li{k)lj{h)) (g>B rj{h)ri{k) 
^(m • Zi(A:)) • lj{h) rj{h)ri{k) 
J2t{h){m ■ li{k) (g)B ri{k)) 

i 

{t{h) o t{k)){m 0B a). 



n 



Combining these results, we obtain the Militaru-§tefan lifting Theorem, see 
[HI Theorem 2.3]. 

Theorem 6.4. With notation as above, the following assertions are equiv- 
alent: 

(1) t is an algebra map; 

(2) u is an anti-algebra map; 

(3) (j) makes M into a right B-module. 

Now consider the set Am consisting of all right i?-linear maps (j) : M®bA. — >■ 
M defining a right ^4- module structure on M. It follows from Theorem 16.41 
that ai2 : Ajv/ — > is a bijection. <?!)i,(/>2 G Am are called equivalent if the 
resulting right A-modules Mi and M2 are isomorphic. Let A be the quotient 
set. 

Proposition 6.5. [8, Theorem 2.6] Let (pi, (1)2 £ ^M, and ti = ai2((/'i), t2 = 
012(02) the corresponding H-colinear algebra maps H E. Then (pi ~ (j)2 
if and only if ti ~ t2- Consequently fi^; = A classifies the isomorphism 
classes of right A-module structures on M extending the right B-action on 
M. 

Proof. Let Mj = M with right ^-action m-jC = (j)i{m0BO,), and u[ = tioS~^ 
Recall from Section [5] that ti ~ t2 if and only if there exists an invertbile 
/ G EndB(M) ^ such that 

(32) tiih)o{f®BA) = {f^BA)ot2{h), 
or, equivalent ly, 

(33) u[{h) o (/ CS>B A) = (/ ^B A) o u'2{h), 

(pi ~ (p2 if and only if there exists an invertible / E EndB(M) such that 
f{m -2 a) = f{m) -i a, for all m € M and a € A. 
If ti ~ t2 then 

/("T- •2^Q)^'^B 1 = ((/ ^) o %(«[1]))("T- ®B 0(0] 

= (ti'i(a[i]) o (/ (SiB A)){m ^B 0(0] = f{m) -i a (g)B 1, 
and it follows that (pi ~ 02- Conversely, if (pi ^ (p2, then 
((/ (g)B A) o t2{h)){m (g)B a)® ^ /(m -2 /^(/i)) ri(/i) 
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f{m) -1 li{h) ri{h) = o (/ <S)B A)){m ®b a), 

i 

and it follows that ti ~ t2- D 

If H is cocommutative, EndB(M) is commutative and 7^ 0) then we 
can apply Proposition 15. 7t and we obtain a cohomological description of 
He, namely He = Am = H'^iH,EndBiM)). This result is one of the key 
arguments in [2]. 

References 

[1] R. J. Blattner, M. Cohen, S. Montgomery, Crossed products and inner actions of 

Hopf algebras. Trans. Amer. Math. Soc. 298 (1986), 671-711. 
[2] S. Caenepeel, A. Marcus, Hopf-Galois extensions and an exact sequence for _ff-Picard 

groups, J. Algebra 323 (2010), 622-657. 
[3] S. Chase, M. Sweedler, "Hopf algebras and Galois Theory", Led. Notes Math. 97, 

Springer Verlag, Berlin, 1969. 
[4] E.G. Dade, Extending irreducible modules, J. Algebra 72 (1981), 374-403. 
[5] S. Dascalescu, C. Nastasescu and §. Raianu, "Hopf Algebras. An Introduction", 

Monographs Textbooks Pure Appl. Math. 235, Marcel Dekker, New York, 2001. 
[6] Y. Doi and M. Takeuchi, Cleft comodule algebras for a bialgebra. Comm. Algebra 14 

(1986), 801-818. 

[7] H. Kreimer and M. Takeuchi, Hopf algebras and Galois extensions of an algebra, 

Indiana Univ. Math. J. 30 (1981), 675-692. 
[8] G. Militaru and D. §tefan. Extending modules for Hopf Galois extensions. Comm. 

Algebra 22 (1994), 5657-5678. 
[9] S. Montgomery, "Hopf algebras and their actions on rings", American Mathematical 

Society, Providence, 1993. 
[10] H.-J. Schneider, Principal homogeneous spaces for arbitrary Hopf algebras, Israel J. 

Math. 72 (1990), 167-195. 
[11] H.-J. Schneider, Representation theory of Hopf Galois extensions, Israel J. Math. 72 

(1990), 196-231. 

[12] M. E. Sweedler, Cohomology of algebras over Hopf algebras. Trails. Amer. Math. Soc. 
133 (1968), 205-239. 

Faculty of Engineering, Vrije Universiteit Brussel, Pleinlaan 2, B-1050 Brus- 
sels, Belgium 

E-mail address: scaenepe@vub.ac.be 

URL: http: //homepages . vub . ac .be/~scaenepe/ 



